
PRL 96, 213902 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
2 JUNE 2006
Devil’s Staircase in Three-Dimensional Coherent Waves Localized
on Lissajous Parametric Surfaces
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We experimentally demonstrate the significance of the longitudinal-transverse coupling in the meso-
scopic regime by using a high-Q laser resonator as an analog experiment. The longitudinal-transverse
coupling is found to lead to the three-dimensional (3D) coherent waves that are localized on the
parametric surfaces with Lissajous transverse patterns. More strikingly, experimental results reveal that
the mode locking of the 3D coherent states forms a nearly complete Devil’s staircase with the hierarchical
ordering.
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FIG. 1. A portion of the spectrum f�l; n;m� as a function of the
bare mode-spacing ratio � for the range of 10 	 l 	 30 and 0 	
�m� n� 	 20.
The bunch of energy levels in the quantum spectra has
been found to lead to the shell structures in nuclei [1],
metallic clusters [2], and quantum dots [3]. More intrigu-
ingly, the existence of the bunch level has a deep and far-
reaching relation with the emergence of classical features
in a mesoscopic quantum system [4]. Recent experimental
and theoretical studies have verified that the coherent
superposition of degenerate or nearly degenerate quantum
states can result in mesoscopic quantum wave functions
localized on periodic orbits in the classical counterpart of
the given system [5]. Furthermore, experimental results [6]
indicated that the mode-locking effects lead to the sta-
tionary coherent waves associated with periodic orbits to
be robust and structurally stable within a finite range of the
perturbation or detuning. Devil’s staircases, Arnold
tongues, and Farey trees are the hallmark of mode locking
and have been found to be ubiquitous in physical, chemi-
cal, and biological systems [7]. The phenomenon of mode-
locked staircases has been extensively studied in Rayleigh-
Bénard experiments [8], charge-density-wave systems [9],
Josephson-junction arrays [10], reaction-diffusion systems
[11], the modulated external-cavity semiconductor laser
[12], the driven vortex lattices with periodic pinning [13],
the motion of a charge particle in two waves [14], and the
bimode CO2 laser with a saturable absorber [15]. Never-
theless, experiments on the mode-locked staircase in high-
order optical coherent waves have never been realized.

In this Letter we originally show that the longitudinal-
transverse coupling leads to the formation of three-
dimensional (3D) coherent waves localized on Lissajous
parametric surfaces which are formed by the Lissajous
curves with the relative phase varying with the longitudinal
direction. A high-Q symmetric laser cavity is experimen-
tally employed to verify the existence and prevalence of 3D
coherent waves in the mesoscopic regime. More impor-
tantly, the detailed experimental measurements indicate
that the formation of plentiful 3D coherent waves con-
structs a nearly complete devil’s staircase in the meso-
scopic regime. Since the laser cavity may be used as an
excellent analog system for the investigation of quantum
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systems [6], the present results will be useful for under-
standing the mesoscopic wave functions.

The resonance frequency for an optical cavity with two
spherical mirrors and the mirror distance L is gener-
ally expressed as f�n;m; l� � �fL�l� �m� n� 1��
��fT=�fL��, where �fL � c=2L is the longitudinal
mode spacing, �fT is the transverse mode spacing, l is
the longitudinal mode index, and m and n are the trans-
verse mode indices. For an empty symmetric resonator
consisting of two identical spherical mirrors with radius
of curvature R, the bare ratio between the transverse and
the longitudinal mode spacing is given by ���fT=
�fL��2=��tan�1�L=2zR�, where zR �

�����������������������
L�2R� L�

p
=2.

As a consequence, the bare mode-spacing ratio � can be
changed in the range between 0 and 1 by varying the cavity
length L for a given R. Figure 1 shows a portion of the
spectrum f�l; n;m� as a function of the bare mode-spacing
ratio � for the range of 10 	 l 	 30 and 0 	 �m� n� 	
20. It can be seen that the degeneracies and gaps appear at
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the values of � corresponding to the rational numbers
P=Q, forming an interesting fractal structure. Degen-
eracies in the spectra of the quantum systems have been
found to play a vital role in the relationship between
quantum shell structures and classical periodic orbits, es-
pecially in the mesoscopic regime [1–4]. The following
21390
analysis will verify that the longitudinal-transverse cou-
pling and the mode-locking effect can lead to the 3D
coherent waves to be localized on the parametric surfaces
with Lissajous transverse patterns.

The wave functions of the Hermite-Gaussian (HG)
modes for a spherical cavity are given by [16]
��HG�
m;n;l�x; y; z� � �m;n�x; y; z�e

i�m�n�1�tan�1�z=zR�e�i��z=L��l��m�n�1�����x2�y2�=2�z2�z2
R��1�; (1)
where

�m;n�x; y; z� �
1�����������������������������
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, w0 is the beam radius at the
waist, and zR is the Rayleigh range. When the mode-
spacing ratio � is locked to a rational number P=Q, the
group of the HG modes ��HG�

m0�pk;n0�qk;l0�sk
�x; y; z�, with

k � 0; 1; 2; 3; . . . , can be found to constitute a family of
frequency degenerate states, provided that the given inte-
gers (p; q; s) obey the equation s� �p� q��P=Q� � 0.
For convenience, the integer s is taken to be negative.
The equation s� �p� q��P=Q� � 0 indicates that q� p
needs to be an integral multiple of Q, i.e., q� p � KQ,
where K � 1; 2; 3; . . . . It has been verified that the coher-
ent superposition of the mode-locked degenerate states
manifestly leads to the wave functions to be associated
with the classical periodic orbits in the 2D quantum sys-
tems [17]. In the present case, the 3D coherent states
constructed by the family of ��HG�

m0�pk;n0�qk;l0�sk
�x; y; z�

can be generally given by �p;q;s
m0;n0;l0

�x; y; z;�0� �PM
k�0 e

ik�0 ��HG�
m0�pk;n0�qk;l0�sk

�x; y; z�, where the parameter
�0 is the relative phase between various HG modes at z �
0. The relative phase �0 has been verified to play an
important role in the quantum-classical connection [17].
With the expression of Eq. (1), the 3D coherent states can
be rewritten as
�p;q;s
m0;n0;l0

�x; y; z;�0� � �p;q
m0;n0
�x; y; z;�0�e

�i��z=L��l0��m0�n0�1�P=Q���x2�y2�=2�z2�z2
R��1�; (3)
where

�p;q
m0;n0
�x; y; z;�0� �

XM
k�0

eik��z��m0�pk;n0�pk�x; y; z�; (4)

and

��z� � �q� p�tan�1�z=zR� ��0: (5)

Equation (3) indicates that the wave pattern of the 3D
coherent state �p;q;s

m0;n0;l0
�x; y; z;�0� is utterly determined

by the wave function �p;q
m0;n0
�x; y; z;�0�. As seen in

Eq. (4), the wave function �p;q
m0;n0
�x; y; z;�0� is a coherent

superposition of the modes �m0�pk;n0�qk�x; y; z;�0� with
the phase factor��z�. It is worthwhile to mention that the z
dependence of the phase factor ��z� arises from the Gouy-
phase difference between the HG modes with distinct
transverse orders. With the results obtained in the 2D
quantum harmonic oscillator [18], the wave function
�p;q
m0;n0
�x; y; z;�0� can be manifestly deduced to have the

intensity distribution concentrated on the parametric sur-
face:

x�#; z� �

�����������������
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M
2

s
w�z� cos

�
q# �

��z�
p

�
;

y�#; z� �

����������������
n0 �

M
2

s
w�z� cos�p#�;

(6)

where 0 	 # 	 2� and �1 	 z 	 1. Equation (6) re-
veals that the parametric surface related to the 3D coherent
waves is formed by the Lissajous curves with the relative
phase varying with the position z. In other words, the
longitudinal-transverse coupling leads to the 3D coherent
states to be localized on the Lissajous parametric surfaces.
With q� p � KQ and Eq. (5), the total change of the
relative phase of the 3D coherent wave from z � �1 to
z � 1 is given by ��1� ����1� � �KQ��. On the
other hand, the total change of the relative phase of the
3D coherent wave from one cavity mirror at z � �L=2 to
another one at z � L=2 is given by��L=2� ����L=2� �
�KP��, where the mode-locking condition
tan�1�L=2zR� � �P=Q���=2� is used. Figure 2 depicts an
example for the Lissajous parametric surface described in
Eq. (6) for the range from z � �L=2 to z � L=2 with
�p; q� � �3; 2�, P � 2, and �0 � 0. The tomographic
transverse patterns are also plotted in the same figure to
display the Lissajous feature of the 3D coherent state. Even
though the relationship between the 2D quantum coherent
states and the Lissajous curves has been previously devel-
oped [17], this is the first time that the 3D coherent states
are derived to be related to the Lissajous parametric
surfaces.

The wave patterns localized on the classical orbits have
been realized in the degenerate laser resonator with the
ring-shaped pump profile [19]. However, the index order of
the laser modes is not high enough to explore the complete
devil’s staircase phenomenon in the wave-ray correspon-
dence or quantum-classical correspondence. To generate
super-high-order laser modes, here we use the off-axis
focused pumping scheme to excite a very high gain crystal
in a symmetric cavity with extremely low losses (<0:5%),
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FIG. 2 (color online). Upper: An example for the Lissajous
parametric surface described in Eq. (6) for the range from z �
�L=2 to z � L=2 with �p; q� � �3; 2�, P � 2, and �0 � 0.
Bottom: The tomographic transverse patterns along the longitu-
dinal axis.
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as depicted in Fig. 3. The laser medium was a
a-cut 2.0-at. % Nd3�:YVO4 crystal with a length of
1 mm. Both sides of the Nd:YVO4 crystal was coated for
antireflection at 1064 nm (reflection<0:1%). The radius of
curvature of the cavity mirrors are R � 10 mm and their
reflectivity is 99.8% at 1064 nm. The pump source was an
809 nm fiber-coupled laser diode with a core diameter of
100 �m, a numerical aperture of 0.16, and a maximum
output power of 1 W. A focusing lens with 20 mm focal
length and 90% coupling efficiency was used to reimage
the pump beam into the laser crystal. The pump radius was
estimated to be 25 �m. A microscope objective lens
mounted on a translation stage was used to reimage the
tomographic transverse patterns inside the cavity onto a
CCD camera. To measure the far-field pattern, the output
beam was directly projected on a paper screen at a distance
of 
50 cm from the rear cavity mirror and the scattered
light was captured by a digital camera.

At a pump power of 1 W, the emission powers were
generally found to be on the order of 0.5 mW. The low
Gain
mediumPumping
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FIG. 3 (color online). Experimental setup for the generation of
3D coherent waves in a diode-pumped microchip laser with off-
axis pumping scheme in a symmetric spherical resonator.
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emission powers indicate the cavity Q value to be rather
high. The pump positions on the gain medium were con-
trolled to excite the laser modes with the transverse orders
n and m in the range of 100 to 500. Experimental results
revealed that the far-field transverse patterns were not the
familiar HG modes but were almost the coherent waves
concentrated on various Lissajous figures for all cavity
lengths. Furthermore, the tomographic transverse patterns
inside the cavity evidently displayed the revolution of the
Lissajous curve along the longitudinal axis to form a
Lissajous parametric surface. Figure 4 shows the experi-
mental tomographic transverse patterns observed at � �
0:422. The experimental tomographic transverse patterns
are found to be in good agreement with the feature that the
3D coherent states are well localized on the Lissajous
parametric surfaces. Furthermore, the experimental pat-
terns shown in Fig. 4 for �0:15L 	 z 	 0:15L have a
noticeable bright spot that represents the location of the
pump beam. It can be seen that the pump intensity has a
great overlap with the lasing mode distribution. Since the
cavity mode possessing the biggest overlap with the gain
region will dominate the laser emission, distinct 3D coher-
ent waves can be precisely generated by manipulating the
pump position.

Continuously adjusting the bare mode-spacing ratio �,
the far-field transverse patterns were found to change from
one mode-locked Lissajous wave to another in discrete
steps. According to the above-mentioned analysis, the
appearance of the Lissajous waves signifies the mode-
spacing ratios to be locked to rational numbers P=Q. The
analytical representation of the 3D coherent states enables
us to identify the mode-locked ratios P=Q precisely from
the information of the revolution numbers of the Lissajous
wave patterns inside and outside the cavity. Based on
thorough experiments, we found that each mode-locked
ratio P=Q is composed of numerous 3D coherent waves
localized on various Lissajous parametric surfaces with
FIG. 4 (color online). Experimental tomographic transverse
patterns inside the cavity observed at � � 0:422.
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FIG. 5 (color online). Bottom: Experimental mode-locked ra-
tio P=Q as a function of the bare mode-spacing ratio �. Upper:
Experimental far-field patterns observed in the mode-locked
plateau with P=Q � 2=5.
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indices q� p to be an integral multiple of Q. On the
whole, more than 560 different 3D coherent states have
been obtained. The locking range of each coherent state
was found to be �� � �1:5� 0:2� � 10�3 on average.
More noticeably, the experimental mode-locked ratios
P=Qwere found to form a fairly complete devil’s staircase,
as shown in Fig. 5. Figure 5 also demonstrates the experi-
mental far-field patterns observed in the mode-locked pla-
teau with P=Q � 2=5. The absolute values of the indices p
and q were first determined from the feature of the
Lissajous transverse pattern and their signs were deter-
mined from the equation of q� p � KQ, where the factor
K could be found from the total change of the relative
phase of the Lissajous transverse pattern inside the cavity
and the indices Q and P were confirmed with the cavity
length. It is worthwhile to mention that p and q can have
the opposite sign, as long as q� p is an integral multiple
of Q. On the other hand, the locking regimes for the
coherent states with the indices (p; q) and (q; p) are split
due to the anisotropic properties of the gain medium [6].
As the transverse order (m0; n0) of the coherent mode is
increased, the number of mode-locked plateaus increases,
suggesting that all rational steps will be seen in an infinite
order system.

In summary, the longitudinal-transverse coupling has
been verified to cause the formation of 3D coherent waves
with localization on parametric surfaces in the mesoscopic
regime. The theoretical analysis reveals that the tomo-
graphic transverse patterns of the 3D coherent waves ex-
hibit to be well localized on the Lissajous parametric
21390
surfaces. A high-Q symmetric laser cavity with the off-
axis pumping scheme has been utilized to realize the
experiment. Experimental results reveal that the mode
locking of the 3D coherent states forms a nearly complete
devil’s staircase with the hierarchical ordering. Our studies
may provide some useful insights into the nature of the
mesoscopic wave functions.
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